OF RAINBOWS AND RINGS:

The mathematics of the Stokes phenomenon

Andreas Hohl
Technische Universitat Chemnitz

24th March 2025
Mathematical Colloquium
Universitat Bern



Overview

Rainbows
m Descartes
m Airy

m Stokes

Rings and differential equations
m Riemann

Hilbert

Noether

Deligne

|
|
|
m Kashiwara






What is a rainbow?




, . René Descartes
Descartes: De |'arc-en-ciel (1596-1650)
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from: René Dcsca‘rtcs: Les Météores, Leiden 1637, p. 251



What is a rainbow?




Descartes: De |'arc-en-ciel
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from: René Dcsca‘rtcs: Les Météores, Leiden 1637, p. 251



Supernumerary rainbows

By Eric Rolph at English Wikipedia




Supernumerary rainbows

from: Smithsonian Magazine, November 2010
(© Larry Andreasen




Supernumerary rainbows

RAINBOW RAY

INITIAL WAVE FRONT
OF AIRY THEORY

from: H. Moysés Nussenzveig, The Theory of the Rainbow,

RARBOWRAY Scientific American, vol. 236 (1977), p. 121



The Airy function

For the observer, the situation is as follows:

~~ The light one sees is the superposition of light waves
emerging from all the points of the wavefront. These can have
different phases, leading to interference, and the latter depends
on the observer's angle.



. . Sir George Biddell Ai
The Airy function s (11301e—18g2y)




. . Sir George Biddell Air
The Airy function * (1801-1892)

0x = xsintY — y cosv

~xU—y

= x4+ x°

What the observer sees:

/oo sin(t — dx)dx = /OO sin(t) cos(dx)dx + /oo W

—00 — 00 /—90’

=sin(t) - 2/000 cos(dy)dx = ...

o
This is a light wave with amplitude = Ai(d) = / cosg(x3+x19)dx
0



. . Sir George Biddell Ai
The Airy function s (1I801e—18'.~!)r2y)
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Roots of the Airy function: Airy's computations

from: George B. Airy, On the Intensity of Light in the neighbourhood of a Caustic, Transactions of the Cambridge
Philosophical Society, vol. VI (1837), p. 390




Roots of the Airy function: Airy's computations

from: George B. Airy, On the Intensity of Light in the neighbourhood of a Caustic, Transactions of the Cambridge
Philosophical Society, vol. VI (1837), p. 390




, Sir George Gabriel Stokes
Stokes's approach (1810-1903)

Idea: Approximate Ai(x) for large absolute values of x

3
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, Sir George Gabriel Stokes
Stokes's approach (1810-1903)

Idea: Approximate Ai(x) for large absolute values of x
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The Stokes phenomenon

for x — 4001 Ai(x) ~ 2

for x = —oo:  Ai(x) ~

3



The Stokes phenomenon

3
: 12,3
for x — 4o0: A1(X)Nﬁx 1e3%*
. U %
for x = —oo:  Ai(x) ~ FRX te s

The Airy function in a complex variable:
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The Stokes phenomenon

As @ passes through the critical
value, the inferior term enters as it were into a mist, is hidden for a
little from view, and comes out with its coefficient changed.

from: George G. Stokes, On the discontinuity of arbitrary constants that appear as multipliers of semi-convergent series.
(A letter to the Editor.), Acta Math., vol. 26 (1902), p. 396

The Airy function in a complex variable:







Bernhard Riemann

Monodromy (1826-1866)

Differential equations in the complex variable z:

> z-f(z)+f(z)=0 ~f(z)=c-1 (ceQ)

1-dimensional complex vector space of solutions on C\ {0}

> 22 f(2)+f(z)=0 ~fz)=c L (ceC)

locally 1-dimensional complex vector space of solutions,
monodromy = multiplication by —1

> z-f"(z)+f'(z) =0 ~ f(z)=a-1l, f(z)=c-log(z)
locally 2-dimensional complex vector space of solutions,

. (1 2mi
monodromy matrix 0 1



David Hilbert A

Hilbert's 21st problem (1862-1943) p

21, Beweis der Existenz linearer Differentialgleichungen mit vorgeschriebener
Monodromiegruppe.

Aus der Theorie der linearen Differentialgleichungen mit
einer unabhingigen Verinderlichen # mochte ich auf ein wichtiges
Problem binweisen, welches wohl bereits Riemann im Sinne ge-
habt hat, und welches darin besteht, zu zeigen, daf es stets eine
lineare Differentialgleichung der Fuchsschen Klasse mit gegebenen
singuliren Stellen und einer gegebenen Monodromiegruppe giebt.

from: D. Hilbert, Mathematische Probleme, Nachrichten von der Gesellschaft der Wissenschaften zu Géttingen,
Mathematisch-Physikalische Klasse (1900), pp. 289-290

21. Proor oF THE EXISTENCE OF LINEAR DIFFERENTIAL
EquaTrions HaviNg A PrRESCRIBED MoNoDROMIC GROUP.

In the theory of linear differential equations with one
independent variable z, I wish to indicate an important
problem, one which very likely Riemann himself may have
had in mind. This problem is as follows: To show that there
always exists « linear differential equation of the Fuchsian class,
with given singular points and monodromic group.

from: D. Hilbert, Mathematical Problems, Bull. Amer. Math. Soc. 8 (1902), pp. 470-471



Hilbert's 21st problem

Question (Hilbert)

Is the map
{regular linear DEs} — {monodromy data}

surjective?

Question

Is the map injective? Is it a 1:1-correspondence?

We need an algebraic/a categorical approach
to this problem!



Differential operators

Linear differential operators with polynomial coefficients:

P = Z aijJd P Z aszfa ajk eC
Jj,k=0 J,k=0

The set of these operators is called the Weyl algebra, denoted by
D = Clz](9).

D has two natural operations

P> addition
» composition of operators
eg. zod=2z0
doz=2z0+1

= D is a (non-commutative) ring.



Emmy Noether
D-modules (1882-1935)

D-module = a (left) module over the ring D

Example: Instead of the differential equation (z0 + 1)f(z) = 0, we
consider the D-module

M= D/(z0 + 1)

where (z0 + 1) is the (left) ideal in D generated by z0 + 1.

How to speak about solutions of the differential equation?

Homp(M,0) = {f € O | (x0+1)f =0}

(Here, O is a set of functions, e.g. holomorphic functions outside 0.)



Pierre Deligne

Riemann—Hilbert correspondences (*1944)

Let X be an algebraic variety.

Theorem (P. Deligne 1970)
There is an equivalence of categories

{regular integrable connections on X} —~ {local systems on X}

D-modules representing monodromy data,
regular differential equations representations of 71 (X)
ALGEBRA
[ ANALYSIS == — — — = —>[ TOPOLOGY

Masaki Kashiwara

Theorem (M. Kashiwara 1984) (*1047)

There is an equivalence of categories
{regular holonomic D-modules on X}

— {perverse sheaves on X}




How about irregular equations?

Hilbert's (Deligne's, Kashiwara's...) philosophy:

{regular differential equations} «— {monodromy data}

Question

Can we generalize this?

{differential equations} <«+— {777}

I |

possibly irregular We need more data
differential equations about the
behaviour of the
solutions than just
the monodromy!



How about irregular equations?

Important example of an irregular equation:

f'(z) =z f(2) Airy differential equation

solutions: f1(z) = Ai(z), f(2)
Stokes matrix
1 0

1




Irregular Riemann—Hilbert correspondences

Hilbert's (Deligne's, Kashiwara's...) philosophy:

{regular differential equations} «— {monodromy data}

Idea for a generalization

There should be a correspondence

{differential equations} +— {monodromy data + Stokes data}

With this idea, Deligne’s and Kashiwara’s results could be
generalized.

(Deligne-Malgrange 1979, D'Agnolo—Kashiwara 2016)

monodromy data: record changes after a full loop

Stokes data: record asymptotic changes from sector to sector



Stokes in love

66 EARLY LETTERS TO LADY STOKES

PEMBROKE COLLEGE,
May 11k, 1857.

......Jf we are married at the time we are at present thinking
of, and go to Switzerland as we talked of, I think I will bring a
couple of quartz prisms, a quartz lens, and a piece of uranium
glass with me, to observe the spectrum on top of the Rigi or
Faulhorn.

from: Memoir and Scientific Correspondence of the Late Sir George Gabriel Stokes, Bart., Selected and Arranged by Joseph Larmor,
vol. I, Cambridge University Press (1907), p. 66
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